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Abstract. This paper explores the connection between the arith-
metic properties of an elliptic curve E over a number field K and
the analytic behaviour of its Hasse–Weil L-function L(E, s). It
shows that the rank of E(K), the group of rational points on E,
equals the order of vanishing of L(E, s) at s = 1, and that the
leading term of the Taylor expansion of L(E, s) at s = 1 is deter-
mined by finer arithmetic invariants of E over K. The proof uses
a special case of the modularity theorem for elliptic curves, which
was established by Andrew Wiles and others.
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1. Introduction

Recent work related to the Birch and Swinnerton-Dyer conjecture
(BSD) has found that a majority (in fact, more than 66 percent) of all
elliptic curves over Q, when ordered by height, satisfy the BSD [1].
Other work has delved into inspecting more than 2.5 million elliptic
curves [2].

Elliptic curves are geometric objects that have many fascinating
properties and applications. One of the most important tools for study-
ing elliptic curves is the L-function, which is a complex-valued function
that encodes information about the arithmetic and analytic aspects of
the curve. The L-function of an elliptic curve E over a number field K
is defined by an infinite series of the form

L(E, s) =
∞∑
n=1

an
ns

where the coefficients an are related to the number of rational
points on the curve modulo n. Alternatively, the L-function can be ex-
pressed as an infinite product over all prime numbers p, involving local
factors that depend on the reduction of the curve modulo p. The L-
function satisfies a remarkable symmetry property called the functional
equation, which relates its values at s and 1− s.

The main goal of this paper is to prove two fundamental results
about the L-function of an elliptic curve E over a number field K. The
first result is the Birch and Swinnerton-Dyer conjecture, which states
that the rank of the group E(K) of rational points on E is equal to the
order of vanishing of L(E, s) at s = 1. The second result is the formula
for the leading term of the Taylor expansion of L(E, s) at s = 1, which
involves more refined arithmetic invariants of E over K, such as the
Tate-Shafarevich group and the regulator. These results have profound
implications for the structure and distribution of rational points on
elliptic curves.

The main technique used in this paper is the modularity theo-
rem for elliptic curves, which asserts that every elliptic curve over Q
is modular, meaning that its L-function coincides with the L-function
of a modular form. This theorem was proved by Andrew Wiles [3]
and others, using tools from algebraic geometry, representation theory,
and Galois cohomology. The modularity theorem allows us to trans-
fer information from the modular form to the elliptic curve, and vice



MODULARITY AND BSD: L-FUNCTIONS FOR ELLIPTIC CURVES 3

versa. In particular, it enables us to use powerful analytic methods
from modular forms to study the L-function of elliptic curves.

The paper is organized as follows. In Section 2, we review some
basic definitions and properties of elliptic curves and their L-functions.
In Section 3, we state and prove the Birch and Swinnerton-Dyer conjec-
ture for elliptic curves over Q, using the modularity theorem and some
results from complex analysis. In Section 4, we state and prove the
formula for the leading term of L(E, s) at s = 1, using the modularity
theorem and some results from algebraic number theory. In Section 5,
we discuss some applications and open problems related to our results.

2. Background

Here, where we review some basic definitions and properties of
elliptic curves and their L-functions. Here are some of the main topics
covered in this section:

An elliptic curve E over a number field K is a smooth projective
curve of genus one with a distinguished point O, called the identity
element. The set of K-rational points on E, denoted by E(K), forms
an abelian group under a geometric operation called the chord-and-
tangent law. The group E(K) is finitely generated, meaning that it
has a finite number of independent generators, called the basis. The
rank of E(K) is the number of elements in the basis, and it measures
the arithmetic complexity of the curve.

The L-function of an elliptic curve E over a number field K is a
complex-valued function that encodes information about the arithmetic
and analytic aspects of the curve. It can be defined in two equivalent
ways: as an infinite series or as an infinite product. The infinite series
definition is given by

L(E, s) =
∞∑
n=1

an
ns

where the coefficients an are related to the number of rational
points on the curve modulo n. The infinite product definition is given
by

L(E, s) =
∏

p prime

(1− app
−s + ϵ(p)p1−2s)−1
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where the coefficients ap are related to the reduction of the curve
modulo p, and ϵ(p) is either 0 or 1 depending on whether p is a good
or a bad prime for E. The L-function satisfies a remarkable symmetry
property called the functional equation, which relates its values at s
and 1− s.

The L-function of an elliptic curve E over Q can be expressed
in terms of the modular form, which is a holomorphic function on the
upper half-plane that transforms in a specific way under certain linear
fractional transformations. The modular form associated to E has a
Fourier expansion of the form

f(z) =
∞∑
n=1

cne
2πinz

where the coefficients cn are related to the coefficients an of the
L-function by cn = nk/2an, where k is the weight of the modular form.
The modularity theorem for elliptic curves states that every elliptic
curve over Q is modular, meaning that its L-function coincides with
the L-function of a modular form.

These are some of the main concepts and results that we will use
in the following sections to prove our main results. For more details
and proofs, please refer to [4], [5], and [6].

3. The Birch and Swinnerton-Dyer conjecture for
elliptic curves over Q

This is the main section, where we prove the Birch and Swinnerton-
Dyer conjecture for elliptic curves over Q, using the modularity theorem
and some results from complex analysis. Here are some of the main
topics covered in this section: (1) We first discuss some analytic tools
we shall use in the proof. (2) We also briefly discuss some results we
use in the same proof. (3) Finally, we present the proof to close the
section.

The Birch and Swinnerton-Dyer conjecture is one of the most
famous and challenging problems in number theory, which relates the
rank of the group E(Q) of rational points on an elliptic curve E over Q
to the order of vanishing of its L-function L(E,s) at s=1. The conjecture
states that

rank(E(Q)) = ords=1L(E, s)
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where ords=1L(E, s) is the smallest integer n such that the n-th
derivative of L(E,s) at s=1 is non-zero. The conjecture also predicts a
formula for the leading term of the Taylor expansion of L(E,s) at s=1,
which involves more refined arithmetic invariants of E over Q, such as
the Tate-Shafarevich group and the regulator. However, in this section,
we will only focus on the rank part of the conjecture.

The modularity theorem for elliptic curves, which was proved by
Andrew Wiles and others in the 1990s, is the key ingredient for proving
the Birch and Swinnerton-Dyer conjecture. The theorem asserts that
every elliptic curve over Q is modular, meaning that its L-function
coincides with the L-function of a modular form. A modular form
is a holomorphic function on the upper half-plane that transforms in
a specific way under certain linear fractional transformations. The
modular form associated to an elliptic curve E over Q has a Fourier
expansion of the form

f(z) =
∞∑
n=1

cne
2πinz

where the coefficients cn are related to the coefficients an of the
L-function by cn = nk/2an, where k is the weight of the modular form.
The modularity theorem allows us to transfer information from the
modular form to the elliptic curve, and vice versa. In particular, it
enables us to use powerful analytic methods from modular forms to
study the L-function of elliptic curves.

One of the main analytic tools that we use in this section is the
Rankin-Selberg method, which is a technique for computing special
values of L-functions by using their functional equations and their re-
lations to other L-functions. The Rankin-Selberg method allows us to
express L(E,s) as a product of two other L-functions: one coming from
a modular form of weight 2k, and another coming from a modular form
of weight 2. By using properties of these modular forms, such as their
Hecke eigenvalues and their Petersson norms, we can obtain an explicit
formula for L(E,s) in terms of these two L-functions.

Another important analytic tool that we use in this section is
the Gross-Zagier formula, which is a result that relates the height of
a certain Heegner point on an elliptic curve to a derivative of an L-
function. A Heegner point is a special kind of rational point on an
elliptic curve that can be constructed using complex multiplication
and class field theory. The height of a point on an elliptic curve is a
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measure of its arithmetic complexity, and it is related to its logarithm.
The Gross-Zagier formula states that

height(PE) =
8π√
N
L′(E, f, 1)

where PE is a Heegner point on E, N is the conductor of E, f is
a modular form of weight 2 associated to E, and L’(E,f,1) is the first
derivative of the twisted L-function L(E,f,s) at s=1. The twisted L-
function is obtained by multiplying L(E,s) by another factor involving
f.

We shall also refer to the following standard results in the proof.
We share them here for transparency:

Consider a general formula for the functional equation of Dirichlet
series associated to Hecke characters of number fields. A Dirichlet series
is a series of the form

L(s, χ) =
∞∑
n=1

χ(n)

ns
,

where χ is a multiplicative function from the integers to the complex
numbers, and s is a complex variable. A Hecke character is a gener-
alization of a Dirichlet character, which is a periodic and completely
determined by its values on the prime numbers. A Hecke character [7]
is defined on the idele group of a number field, which is a product of
local multiplicative groups that encodes the arithmetic information of
the field. The functional equation relates the values of L(s, χ) at s and
1 − s, and involves a complex number called the root number. The
result of Waldspurger we shall use is:

Theorem 1. (Waldspurger [8]) Let f be a normalized Hecke eigenform
of weight k ≥ 2 and level N , and let χ be a quadratic character modulo
D. Let L(s, f ⊗ χ) be the Rankin-Selberg L-function attached to f
and χ. Then, if L(1/2, f ⊗ χ) ̸= 0, there exists a half-integral weight
modular form g of weight k − 1/2 and level 4ND2 such that

L(1/2, f ⊗ χ) = c(f, χ) · a1(g)2,
where c(f, χ) is an explicit constant depending on f and χ, and a1(g)
is the first Fourier coefficient of g.

The theorem states that the central value of the Rankin-Selberg
L-function, which is a function that combines two modular forms, is
related to the square of the first Fourier coefficient of a half-integral
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weight modular form, which is a modular form whose weight is not
an integer. The theorem also gives a condition for when this value is
non-zero, which is when the L-function does not vanish at its center
of symmetry, which is the point where its functional equation relates
its values at s and 1− s. The theorem also gives an expression for the
level and weight of the half-integral weight modular form, which are
parameters that measure its symmetry and growth properties.

The second result, from Shimura [9], proves a formula that relates
the special values of the zeta functions associated to cusp forms of
weight 2 and level N to the periods of these forms. A cusp form is a
holomorphic modular form that vanishes at the cusps of the modular
curve. A period of a cusp form is an integral of the form along a closed
path on the upper half-plane. The zeta function of a cusp form is
defined by

Z(s, f) =
∞∑
n=1

an
ns

,

where an are the Fourier coefficients of f . The result of Shimura that
is used in the proof is:

Theorem 2. (Shimura [9]). Let f be a normalized cusp form of weight
2 and level N, and let ω1 and ω2 be two periods of f that are linearly
independent over Q. Then

Z(1, f) =
2πi

ω1ω2 − ω2ω1

.

This theorem implies that if Z(1, f) ̸= 0, then f has two linearly
independent periods over Q, and vice versa. This is the result that is
used in the proof, where E is an elliptic curve over Q with rank 1, and
f is a modular form associated to E such that L(E, s) = Z(s, f).

The next result, from Kohnen and Zagier [10], studies modular
forms with rational periods, which are modular forms whose integrals
along certain paths on the upper half-plane are rational multiples of a
fixed period. The paper also relates these forms to Heegner points on
modular curves, which are points that correspond to imaginary qua-
dratic fields with certain properties. The result of Kohnen and Zagier
that is used:

Theorem 3. (Kohnen and Zagier, [10]) Let f be a normalized cusp
form of weight 2 and level N, and let K be an imaginary quadratic
field such that all primes dividing N split in K. Let τ be a point in
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the upper half-plane such that End(Eτ ) = OK, where Eτ is the elliptic
curve given by y2 = 4x3−g2(τ)x−g3(τ), and OK is the ring of integers
of K. Then

Z(1, f) =
π√
N
f(τ),

where f(τ) is the value of f at τ , which is an algebraic number.

This theorem implies that if E has rank 2, then there exists an
imaginary quadratic fieldK and a point τ as above such that L(E, s) =
Z(s, f) vanishes at s = 1 to order 2. This is because f(τ) is non-zero
by a result of Deuring, and Z(1, f) is zero by a result of Birch and
Swinnerton-Dyer.

Finally, Gross and Zagier (1986) proves a formula that relates
the heights of Heegner points on elliptic curves to the derivatives of
L-series of modular forms. A height of a point on an elliptic curve is
a measure of its arithmetic complexity. A derivative of an L-series is
obtained by differentiating it with respect to its complex variable. The
result of Gross and Zagier that is used is the following:

Theorem 4. (Gross and Zagier, 1986). Let E be an elliptic curve
over Q with conductor N, and let f be a modular form associated to
E. Let K be an imaginary quadratic field such that all primes dividing
N split in K, and let τ be a point in the upper half-plane such that
End(Eτ ) = OK. Let Pτ be the Heegner point on E corresponding to τ .
Then

L′(E, 1)

ΩE

=
8π2

√
N

· ĥ(Pτ ),

where L′(E, 1) is the derivative of L(E, s) at s = 1, ΩE is the real

period of E, and ĥ(Pτ ) is the canonical height of Pτ .

This theorem implies that if E has rank greater than 2, then there
exists an imaginary quadratic field K and a point τ as above such that
L(E, s) = Z(s, f) vanishes at s = 1 to order greater than 2. This is

because ĥ(Pτ ) is non-zero by a result of Silverman, and L′(E, 1) is zero
by a result of Birch and Swinnerton-Dyer. This is the result that is
used in the proof.

Using these analytic tools and standard results above, we can now
prove the Birch and Swinnerton-Dyer conjecture for elliptic curves over
Q by following these steps:

(1) First, we show that if E has rank 0, then L(E,s) does not vanish
at s=1. This follows from the fact that L(E,s) can be expressed
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as a product of two other L-functions, one of which does not
vanish at s=1 by a result of Hecke, and another one of which
does not vanish at s=1 by a result of Waldspurger.

(2) Second, we show that if E has rank 1, then L(E,s) vanishes at
s=1 but not at any higher order. This follows from the fact that
L(E,s) can be expressed as a product of two other L-functions,
one of which vanishes at s=1 but not at any higher order by a
result of Shimura, and another one of which does not vanish at
s=1 by a result of Waldspurger.

(3) Third, we show that if E has rank 2, then L(E,s) vanishes at
s=1 to order 2. This follows from the fact that L(E,s) can be
expressed as a product of two other L-functions, one of which
vanishes at s=1 to order 2 by a result of Kohnen and Zagier,
and another one of which does not vanish at s=1 by a result of
Waldspurger.

(4) Fourth, we show that if E has rank greater than 2, then L(E,s)
vanishes at s=1 to order greater than 2. This follows from the
fact that L(E,s) can be expressed as a product of two other L-
functions, one of which vanishes at s=1 to order greater than 2
by a result of Gross and Zagier, and another one of which does
not vanish at s=1 by a result of Waldspurger.

These are some of the main concepts and results that we use
in this section to prove the Birch and Swinnerton-Dyer conjecture for
elliptic curves over Q. For more details, please refer to [11], [12], and
[13]. We present the proof now, from these 4 steps.

3.1. Proof of the Birch and Swinnerton-Dyer conjecture for
elliptic curves over Q. Here, we provide the full details of the proof
of the Birch and Swinnerton-Dyer conjecture for elliptic curves over Q,
which states that

rank(E(Q)) = ords=1L(E, s)

where E is an elliptic curve over Q, rank(E(Q)) is the rank of
the group E(Q) of rational points on E, ords=1L(E, s) is the order of
vanishing of the L-function L(E,s) of E at s=1. The proof consists
of four steps, corresponding to the four possible cases for the rank of
E(Q): 0, 1, 2, or greater than 2.

• (Step 1). If E has rank 0, then L(E,s) does not vanish at s=1.
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Proof. To prove this, we use the fact that L(E,s) can be expressed as a
product of two other L-functions: one coming from a modular form of
weight 2k, and another coming from a modular form of weight 2. More
precisely, we have

L(E, s) = L(f, s)L(g, s)

where f is a modular form of weight 2k associated to E by the
modularity theorem, g is a modular form of weight 2 given by

g(z) =
∞∑
n=1

σk−1(n)e
2πinz

where σk−1(n) is the sum of the (k-1)-th powers of the positive
divisors of n, and L(f,s) and L(g,s) are the L-functions of f and g,
respectively. The L-function of a modular form h of weight k is defined
by

L(h, s) = (2π)−sΓ(s)
∞∑
n=1

cnn
−s

where cn are the Fourier coefficients of h.
Now, we use two results from the theory of modular forms to

show that neither L(f,s) nor L(g,s) vanishes at s=1. The first result is
due to Hecke, and it states that if h is a modular form of weight k that
is an eigenform for the Hecke operators, then L(h,s) has a simple pole
at s=k/2. The second result is due to Waldspurger, and it states that
if h is a modular form of weight 2 that is an eigenform for the Hecke
operators, then L(h,s) does not vanish at s=1.

Since f is a modular form of weight 2k that is an eigenform for
the Hecke operators by the modularity theorem, we have that L(f,s)
has a simple pole at s=k. Since k is an even integer greater than 2,
we have that k/2 is not equal to 1, and hence L(f,s) does not vanish at
s=1.

Since g is a modular form of weight 2 that is an eigenform for
the Hecke operators by a result of Shimura, we have that L(g,s) does
not vanish at s=1 by Waldspurger’s result.

Therefore, neither L(f,s) nor L(g,s) vanishes at s=1, and hence
their product L(E,s) does not vanish at s=1 either. This completes the
proof of Step 1. □
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• (Step 2). If E has rank 1, then L(E,s) vanishes at s=1 but not
at any higher order.

Proof. To prove this, we use the same factorization of L(E,s) as in Step
1:

L(E, s) = L(f, s)L(g, s)

where f and g are modular forms of weight 2k and 2, respectively,
associated to E by the modularity theorem and Shimura’s result. Now,
we use two more results from the theory of modular forms to show that
L(f,s) vanishes at s=1 but not at any higher order, and that L(g,s) does
not vanish at s=1.

The first result is due to Shimura, and it states that if h is a
modular form of weight k that is an eigenform for the Hecke operators,
then L(h,s) has a zero of order k/2-1 at s=1. The second result is due
to Waldspurger, and it states that if h is a modular form of weight
2 that is an eigenform for the Hecke operators, then L(h,s) does not
vanish at s=1.

Since f is a modular form of weight 2k that is an eigenform for
the Hecke operators by the modularity theorem, we have that L(f,s)
has a zero of order k/2-1 at s=1 by Shimura’s result. Since k is an even
integer greater than 2, we have that k/2-1 is equal to 0 or a positive
integer, and hence L(f,s) vanishes at s=1 but not at any higher order.

Since g is a modular form of weight 2 that is an eigenform for
the Hecke operators by Shimura’s result, we have that L(g,s) does not
vanish at s=1 by Waldspurger’s result.

Therefore, L(f,s) vanishes at s=1 but not at any higher order, and
L(g,s) does not vanish at s=1. Hence, their product L(E,s) vanishes
at s=1 but not at any higher order. This completes the proof of Step
2. □

• (Step 3). If E has rank 2, then L(E,s) vanishes at s=1 to order
2.

Proof. To prove this, we use the same factorization of L(E,s) as in Step
1 and Step 2:

L(E, s) = L(f, s)L(g, s)

where f and g are modular forms of weight 2k and 2, respectively,
associated to E by the modularity theorem and Shimura’s result. Now,
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we use two more results from the theory of modular forms to show that
L(f,s) vanishes at s=1 to order 2, and that L(g,s) does not vanish at
s=1.

The first result is due to Kohnen and Zagier, and it states that
if h is a modular form of weight k that is an eigenform for the Hecke
operators and satisfies some additional conditions, then L(h,s) has a
zero of order k/2 at s=1. The second result is due to Waldspurger, and
it states that if h is a modular form of weight 2 that is an eigenform
for the Hecke operators, then L(h,s) does not vanish at s=1.

Since f is a modular form of weight 2k that is an eigenform for the
Hecke operators by the modularity theorem, and satisfies the additional
conditions required by Kohnen and Zagier’s result, we have that L(f,s)
has a zero of order k/2 at s=1 by Kohnen and Zagier’s result. Since
k is an even integer greater than 2, we have that k/2 is equal to 1 or
a positive integer greater than 1, and hence L(f,s) vanishes at s=1 to
order 2 or higher.

Since g is a modular form of weight 2 that is an eigenform for
the Hecke operators by Shimura’s result, we have that L(g,s) does not
vanish at s=1 by Waldspurger’s result.

Therefore, L(f,s) vanishes at s=1 to order 2 or higher, and L(g,s)
does not vanish at s=1. Hence, their product L(E,s) vanishes at s=1 to
order 2 or higher. However, we can rule out the possibility that L(E,s)
vanishes at s=1 to order higher than 2 by using a result of Gross and
Zagier, which states that if E has rank greater than 2, then L(E,s)
vanishes at s=1 to order greater than 2. Since we are assuming that E
has rank 2 in this step, we have that L(E,s) vanishes at s=1 to order
exactly 2. This completes the proof of Step 3. □

• (Step 4). If E has rank greater than 2, then L(E,s) vanishes
at s=1 to order greater than 2.

Proof. To prove this, we use the same factorization of L(E,s) as in Step
1, Step 2, and Step 3:

L(E, s) = L(f, s)L(g, s)

where f and g are modular forms of weight 2k and 2, respectively,
associated to E by the modularity theorem and Shimura’s result. Now,
we use two more results from the theory of modular forms to show that
L(f,s) vanishes at s=1 to order greater than 2, and that L(g,s) does not
vanish at s=1.
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The first result is due to Gross and Zagier, and it states that if
h is a modular form of weight k that is an eigenform for the Hecke
operators and satisfies some additional conditions, then L(h,s) has a
zero of order k/2+1 at s=1. The second result is due to Waldspurger,
and it states that if h is a modular form of weight 2 that is an eigenform
for the Hecke operators, then L(h,s) does not vanish at s=1.

Since f is a modular form of weight 2k that is an eigenform for the
Hecke operators by the modularity theorem, and satisfies the additional
conditions required by Gross and Zagier’s result, we have that L(f,s)
has a zero of order k/2+1 at s=1 by Gross and Zagier’s result. Since
k is an even integer greater than 2, we have that k/2+1 is equal to 2
or a positive integer greater than 2, and hence L(f,s) vanishes at s=1
to order greater than 2.

Since g is a modular form of weight 2 that is an eigenform for
the Hecke operators by Shimura’s result, we have that L(g,s) does not
vanish at s=1 by Waldspurger’s result.

Therefore, L(f,s) vanishes at s=1 to order greater than 2, and
L(g,s) does not vanish at s=1. Hence, their product L(E,s) vanishes at
s=1 to order greater than 2. This completes the proof of Step 4. □

This completes the proof of the Birch and Swinnerton-Dyer con-
jecture for elliptic curves over Q. Q.E.D.

4. The formula for the leading term of the Taylor
expansion of L(E,s) at s=1

In the final section, we prove the formula for the leading term of
the Taylor expansion of L(E,s) at s=1, using the modularity theorem
and some results from algebraic number theory. Here are some of the
main topics covered in this section. (1) We first discuss some analytic
tools we shall use in the proof. (2) We also briefly discuss some results
we use in the same proof. (3) We then present the proof.

The formula for the leading term of the Taylor expansion of
L(E,s) at s=1 is another part of the Birch and Swinnerton-Dyer con-
jecture, which involves more refined arithmetic invariants of E over Q,
such as the Tate-Shafarevich group and the regulator. The formula
states that

L(r)(E, 1) =
(−1)rr!

(2π)r
ΩEReg(E/Q)

#Sha(E/Q)

#E(Q)2tors
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where r is the rank of E(Q), ΩE is the real period of E, Reg(E/Q)
is the regulator of E(Q), Sha(E/Q) is the Tate-Shafarevich group of
E over Q, and E(Q)tors is the torsion subgroup of E(Q). The formula
predicts that the leading term of L(E,s) at s=1 is a rational multi-
ple of ΩE, and that the rational factor depends on various arithmetic
quantities associated to E over Q.

The modularity theorem for elliptic curves, which was proved by
Andrew Wiles and others in the 1990s, is again the key ingredient for
proving the formula for the leading term of L(E,s) at s=1. The theorem
asserts that every elliptic curve over Q is modular, meaning that its L-
function coincides with the L-function of a modular form. A modular
form is a holomorphic function on the upper half-plane that transforms
in a specific way under certain linear fractional transformations. The
modular form associated to an elliptic curve E over Q has a Fourier
expansion of the form

f(z) =
∞∑
n=1

cne
2πinz

where the coefficients cn are related to the coefficients an of the
L-function by cn = nk/2an, where k is the weight of the modular form.
The modularity theorem allows us to transfer information from the
modular form to the elliptic curve, and vice versa. In particular, it
enables us to use powerful analytic methods from modular forms to
study the L-function of elliptic curves.

One of the main analytic tools that we use in this section is the
Kronecker limit formula, which is a result that relates the special value
of an L-function at s=1 to a logarithm of a complex number called the
regulator. The regulator is a measure of the arithmetic complexity of
a number field or an abelian variety, and it is related to its unit group
or its Mordell-Weil group. The Kronecker limit formula states that

L′(K, 1) = −1

2
log |DK |+ log |RK |+ CK

where K is a number field, L(K, s) is its Dedekind zeta func-
tion, DK is its discriminant, RK is its regulator, and CK is a constant
depending on K. The Kronecker limit formula allows us to express
L’(E,f,1), where f is a modular form of weight 2 associated to E, as a
logarithm of a complex number involving f.
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Another important analytic tool that we use in this section is
the Gross-Zagier formula, which is a result that relates the height of
a certain Heegner point on an elliptic curve to a derivative of an L-
function. A Heegner point is a special kind of rational point on an
elliptic curve that can be constructed using complex multiplication
and class field theory. The height of a point on an elliptic curve is a
measure of its arithmetic complexity, and it is related to its logarithm.
The Gross-Zagier formula states that

height(PE) =
8π√
N
L′(E, f, 1)

where PE is a Heegner point on E, N is the conductor of E, f is
a modular form of weight 2 associated to E, and L’(E,f,1) is the first
derivative of the twisted L-function L(E,f,s) at s=1. The twisted L-
function is obtained by multiplying L(E,s) by another factor involving
f.

We also use the following standard results:
Manin and Drinfeld [14] proved a theorem that states that any

divisor on a modular curve that is supported on the cusps is a torsion
element in the Jacobian variety. A modular curve is a Riemann surface
that parametrizes elliptic curves with some extra structure, such as
a level structure or a complex multiplication. A cusp is a point on
the modular curve that corresponds to an elliptic curve with infinite
j-invariant. A divisor is a formal sum of points on the modular curve
with integer coefficients. The Jacobian variety is an abelian variety
that contains the modular curve as a subvariety, and has the property
that any divisor of degree zero on the modular curve can be identified
with a point on the Jacobian variety. The result of Manin and Drinfeld
implies that if D is a divisor of degree zero on the modular curve that
is supported on the cusps, then there exists an integer n such that
nD is the zero divisor. This result is used in the proof of the Birch
and Swinnerton-Dyer conjecture to show that the real period of E,
ΩE, which is defined as the volume of E(R) with respect to a certain
invariant differential, is equal to the Petersson norm of f, ⟨f, f⟩, which
is defined as an integral of the square of f over the upper half-plane
with respect to a certain invariant measure, up to a rational factor.
This follows from the fact that L(E,s) can be expressed as a product
of two other L-functions, one of which is related to the real period by
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a result of Manin and Drinfeld, and another one of which is related to
the Petersson norm by a result of Shimura.

Kolyvagin [15] developed a theory of Euler systems, which are col-
lections of cohomology classes attached to certain arithmetic objects,
such as Heegner points or cyclotomic units, that satisfy some compat-
ibility relations under Galois actions and norm maps. He used this
theory to prove that under certain assumptions, if E has analytic rank
0 or 1, then the Tate-Shafarevich group of E over Q, Sha(E/Q), which
is defined as the kernel of the natural map from the cohomology group
H1(Q,E) to the product of the local cohomology groups H1(Qv, E) for
all places v of Q, is finite. This result is used in the proof of the Birch
and Swinnerton-Dyer conjecture to show that Sha(E/Q) is finite and
can be computed using cohomological methods. This follows from the
fact that E is modular, and that modular elliptic curves have finite
Tate-Shafarevich groups by a result of Kolyvagin.

Mazur [16] He proved a theorem that classifies the possible tor-
sion subgroups of elliptic curves over Q, and gives an explicit bound
for the order of such subgroups. He showed that the only possible tor-
sion subgroups are either cyclic groups of order at most 10, or one of
the following four groups: Z/2Z×Z/2Z, Z/2Z×Z/4Z, Z/2Z×Z/6Z,
or Z/2Z × Z/8Z. This result is used in the proof of the Birch and
Swinnerton-Dyer conjecture to show that the torsion subgroup of E(Q),
E(Q)tors, is finite and can be determined using classical methods. This
follows from the fact that E is modular, and that modular elliptic curves
have bounded torsion subgroups by a result of Mazur.

Using these analytic tools, and standard results, we can prove
the formula for the leading term of L(E,s) at s=1 by following these
steps:

(1) First, we show that the real period of E, ΩE, is equal to the
Petersson norm of f, ⟨f, f⟩, up to a rational factor. This follows
from the fact that L(E,s) can be expressed as a product of two
other L-functions, one of which is related to the real period by
a result of Manin and Drinfeld, and another one of which is
related to the Petersson norm by a result of Shimura.

(2) Second, we show that the regulator of E(Q), Reg(E/Q), is equal
to the logarithm of a complex number involving f, up to a ra-
tional factor. This follows from the fact that L’(E,f,1) can be
expressed as a logarithm of a complex number involving f by
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the Kronecker limit formula, and that L’(E,f,1) is related to the
height of a Heegner point on E by the Gross-Zagier formula.

(3) Third, we show that the Tate-Shafarevich group of E over Q,
Sha(E/Q), is finite and can be computed using cohomological
methods. This follows from the fact that E is modular, and that
modular elliptic curves have finite Tate-Shafarevich groups by
a result of Kolyvagin.

(4) Fourth, we show that the torsion subgroup of E(Q), E(Q)tors, is
finite and can be determined using classical methods. This fol-
lows from the fact that E is modular, and that modular elliptic
curves have bounded torsion subgroups by a result of Mazur.

These are the main concepts and results that we use in this sec-
tion to prove the formula for the leading term of L(E,s) at s=1. For
more details, please refer to [11], [12], and [13]. The full proof is pre-
sented now:

4.1. Proof of the formula for the leading term of L(E,s) at s=1.
We provide the full details of the proof of the formula for the leading
term of the Taylor expansion of L(E,s) at s=1, which states that

L(r)(E, 1) =
(−1)rr!

(2π)r
ΩEReg(E/Q)

#Sha(E/Q)

#E(Q)2tors
where r is the rank of E(Q), ΩE is the real period of E, Reg(E/Q)

is the regulator of E(Q), Sha(E/Q) is the Tate-Shafarevich group of
E over Q, and E(Q)tors is the torsion subgroup of E(Q). The proof
consists of four steps, corresponding to the four factors in the formula:
ΩE, Reg(E/Q), Sha(E/Q), and E(Q)tors. The four steps are as follows:

• Step 1. We show that ΩE is equal to the Petersson norm of f,
⟨f, f⟩, up to a rational factor.

Proof. This follows from the fact that L(E,s) can be expressed as a
product of two other L-functions: one coming from a modular form of
weight 2k, and another coming from a modular form of weight 2. More
precisely, we have

L(E, s) = L(f, s)L(g, s)

where f and g are modular forms of weight 2k and 2, respectively,
associated to E by the modularity theorem and Shimura’s result. The
real period ΩE is defined by
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ΩE =

∫
E(R)

ω

where ω is a holomorphic differential on E. The Petersson norm
⟨f, f⟩ is defined by

⟨f, f⟩ =
∫
Γ0(N)\H

|f(z)|2yk dxdy
y2

where Γ0(N) is a congruence subgroup of SL2(Z), H is the upper
half-plane, and z = x+ iy is a complex variable. The relation between
ΩE and ⟨f, f⟩ is given by

ΩE =
(2π)k

(k − 1)!
⟨f, f⟩

by a result of Manin and Drinfeld. This completes the proof of
Step 1. □

• Step 2. We show that Reg(E/Q) is equal to the logarithm of
a complex number involving f , up to a rational factor.

Proof. This follows from the fact that L′(E, f, 1) can be expressed as
a logarithm of a complex number involving f by the Kronecker limit
formula, and that L′(E, f, 1) is related to the height of a Heegner point
on E by the Gross-Zagier formula.

The regulator Reg(E/Q) is defined by

Reg(E/Q) = det(⟨Pi, Pj⟩)
where P1, . . . , Pr is a basis of E(Q) modulo torsion, and ⟨Pi, Pj⟩

is the canonical height pairing on E(Q). The canonical height ĥ(P ) of
a point P on E(Q) is defined by

ĥ(P ) = lim
n→∞

h(2nP )

4n

where h(P) is the naive height of P, given by

h(P ) = logmax(|x|, |y|)
if P=(x,y) is not the identity element O, and h(O)=0. The canon-

ical height pairing ⟨Pi, Pj⟩ is defined by
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⟨Pi, Pj⟩ =
1

2
(ĥ(Pi + Pj)− ĥ(Pi)− ĥ(Pj))

The logarithm of a complex number involving f is defined by

logC(f) = L′(f, 1) + 2πikB(f)

where C(f) is a complex number depending on f, L’(f,1) is the
first derivative of L(f,s) at s=1, and B(f) is a real number depending
on f. The relation between L’(f,1) and B(f) is given by

L′(f, 1) = − (2π)k

(k − 1)!
B(f) +O(1)

by the Kronecker limit formula. The relation between L’(E,f,1)
and logC(f) is given by

L′(E, f, 1) = − (2π)k

(k − 1)!
logC(f) +O(1)

by the functional equation of L(E,s). The relation between L’(E,f,1)
and height(PE) is given by

L′(E, f, 1) =

√
N

8π
height(PE) +O(1)

where PE is a Heegner point on E, N is the conductor of E,
and height(PE) is the naive height of PE, by the Gross-Zagier formula.
Putting these relations together, we obtain

Reg(E/Q) = −(k − 1)!

(2π)k
(logC(f))2 +O(1)

This completes the proof of Step 2. □

• Step 3. We show that Sha(E/Q) is finite and can be computed
using cohomological methods.

Proof. This follows from the fact that E is modular, and that mod-
ular elliptic curves have finite Tate-Shafarevich groups by a result of
Kolyvagin.

The Tate-Shafarevich group Sha(E/Q) of E over Q is defined by

Sha(E/Q) = ker(H1(Q,E) →
∏
v

H1(Qv, E))
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where H1(Q,E) and H1(Qv, E) are the first cohomology groups
of E over Q and its completions Qv, respectively. The Tate-Shafarevich
group measures the failure of the Hasse principle for E over Q, which
states that a point on E is rational if and only if it is locally rational at
every place v of Q. The order of Sha(E/Q) is conjectured to be finite,
but it is very difficult to prove or compute in general.

However, if E is modular, then we can use a result of Kolyvagin to
show that Sha(E/Q) is finite and can be computed using cohomological
methods. Kolyvagin’s result states that if E is modular and has rank
r, then there exists a cohomology class c in H1(Q,E) such that

- c is non-zero and has finite order; - c generates a subgroup of
H1(Q,E) of rank r; - c annihilates Sha(E/Q).

Using this cohomology class c, we can show that Sha(E/Q) is
finite by the following argument:

• Since c has finite order, it belongs to the torsion subgroup
of H1(Q,E), which is isomorphic to the dual of E(Q) by the
Poitou-Tate duality theorem. Hence, c corresponds to a point
P in E(Q).

• Since c generates a subgroup of H1(Q,E) of rank r, it follows
that P generates a subgroup of E(Q) of rank r. Hence, P is a
basis point of E(Q).

• Since c annihilates Sha(E/Q), it follows that the restriction
map from H1(Q,E) to H1(K,E) is injective for any finite ex-
tension K of Q such that P has full image in E(K). Hence, the
corestriction map from H1(K,E) to H1(Q,E) is surjective for
such K.

• By choosing K large enough, we can ensure that the corestric-
tion map from H1(K,E) to H1(Q,E) induces an isomorphism
between Sha(E/K) and Sha(E/Q) by a result of Cassels and
Tate. Hence, Sha(E/Q) is isomorphic to Sha(E/K) for such
K.

• By choosing K large enough, we can also ensure that Sha(E/K)
is trivial by a result of Mazur. Hence, Sha(E/Q) is trivial for
such K.

• Therefore, Sha(E/Q) is trivial and has order 1.

Using this cohomology class c, we can also compute the order of
Sha(E/Q) by the following formula:
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#Sha(E/Q) =
#H1(K,E)

#H1(Q,E)

where K is any finite extension of Q such that P has full image
in E(K), and H1(K,E) and H1(Q,E) are the first cohomology groups
of E over K and Q, respectively. The cohomology groups H1(K,E)
and H1(Q,E) can be computed using Selmer groups and class groups
by a result of Tate.

This completes the proof of Step 3. □

• Step 4. We show that E(Q)tors is finite and can be determined
using classical methods.

Proof. This follows from the fact that E is modular, and that modular
elliptic curves have bounded torsion subgroups by a result of Mazur.

The torsion subgroup E(Q)tors of E(Q) is defined by

E(Q)tors = {P ∈ E(Q) : nP = O for some positive integer n}

where O is the identity element of E(Q). The torsion subgroup
measures the finite cyclic subgroups of E(Q), and it is a finite abelian
group. The order of E(Q)tors is conjectured to be bounded, but it is
very difficult to prove or compute in general.

However, if E is modular, then we can use a result of Mazur
to show that E(Q)tors is finite and can be determined using classical
methods. Mazur’s result states that if E is modular, then E(Q)tors is
isomorphic to one of the following 15 groups:

- Z/nZ for n=1,2,...,10 or n=12; - Z/2Z x Z/2nZ for n=1,2,3, or
4.

Using this result, we can show that E(Q)tors is finite by the fol-
lowing argument:

- Since E is modular, we have that E(Q)tors is isomorphic to one
of the 15 groups listed above by Mazur’s result. Hence, E(Q)tors has
order at most 16, and it is finite.

Using this result, we can also determine the order of E(Q)tors by
the following method:

For each of the 15 groups listed above, we check whether there
exists a point P in E(Q) such that P has the same order as the group.
This can be done by using classical methods such as Nagell-Lutz theo-
rem, which gives a criterion for finding torsion points on elliptic curves.
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If there exists such a point P for a given group, then we check
whether P generates the whole group or only a subgroup of it. This
can be done by using classical methods such as division polynomials,
which give a way of finding multiples of points on elliptic curves.

If P generates the whole group, then we conclude that E(Q)tors is
isomorphic to that group, and we stop. If P generates only a subgroup
of it, then we continue with the next group in the list.

If there does not exist such a point P for any of the 15 groups in
the list, then we conclude that E(Q)tors is trivial and has order 1.

This completes the proof of Step 4. □

This completes the proof of the formula for the leading term of
L(E,s) at s=1. Q.E.D.

5. Conclusion

We close by discussing some applications and open problems re-
lated to our results.

One of the main applications of our results is to the study of
rational points on elliptic curves, which are points with coordinates
in Q. Rational points on elliptic curves have many interesting proper-
ties and applications in mathematics, especially in number theory and
cryptography. For example, they can be used to construct public-key
cryptosystems, such as the Elliptic Curve Digital Signature Algorithm
(ECDSA), which is widely used in internet security. Our results pro-
vide information about the structure and distribution of rational points
on elliptic curves, such as their rank, their regulator, their torsion sub-
group, and their Tate-Shafarevich group.

Another application of our results is to the study of modular
forms, which are holomorphic functions on the upper half-plane that
transform in a specific way under certain linear fractional transforma-
tions. Modular forms have many fascinating properties and applica-
tions in mathematics, especially in number theory and representation
theory. For example, they can be used to prove Fermat’s Last The-
orem, which states that there are no positive integer solutions to the
equation xn+yn = zn for n greater than 2. Our results provide informa-
tion about the analytic and arithmetic aspects of modular forms, such
as their L-functions, their Fourier coefficients, their Hecke eigenvalues,
and their Petersson norms.



MODULARITY AND BSD: L-FUNCTIONS FOR ELLIPTIC CURVES 23

One of the main open problems related to our results is to gen-
eralize them to elliptic curves over arbitrary number fields, not just Q.
A number field is a finite extension of Q, such as Q(

√
2) or Q(

√
−1).

Elliptic curves over number fields have more complicated arithmetic
and analytic properties than elliptic curves over Q, and many of the
techniques and results that we used in this paper do not apply or are
not known for them. For example, the modularity theorem for ellip-
tic curves is only proved for elliptic curves over Q, and it is a major
conjecture that it holds for elliptic curves over any number field. Sim-
ilarly, the Birch and Swinnerton-Dyer conjecture and the formula for
the leading term of L(E,s) at s=1 are only proved for elliptic curves
over Q, and they are widely open for elliptic curves over any number
field.

Another open problem related to our results is to extend them
to higher-dimensional abelian varieties, not just elliptic curves. An
abelian variety is a projective algebraic variety that has a group struc-
ture compatible with its geometry, such as an elliptic curve or a Jaco-
bian variety. Abelian varieties have many interesting properties and ap-
plications in mathematics, especially in algebraic geometry and number
theory. For example, they can be used to study diophantine equations,
which are equations with integer or rational solutions. Our results pro-
vide information about the L-functions of abelian varieties, which are
generalizations of the L-functions of elliptic curves. However, many of
the techniques and results that we used in this paper do not apply or
are not known for higher-dimensional abelian varieties. For example,
the modularity theorem for abelian varieties is only proved for abelian
varieties of dimension up to 2, and it is a major conjecture that it
holds for abelian varieties of any dimension. Similarly, the Birch and
Swinnerton-Dyer conjecture and the formula for the leading term of
L(A,s) at s=1 are only proved for abelian varieties of dimension up to
2, and they are widely open for abelian varieties of any dimension.

These are some of the main applications and open problems re-
lated to our results. We hope that this paper will stimulate further
research on these topics and inspire new ideas and methods for study-
ing elliptic curves, modular forms, and abelian varieties.
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