
Lorentzian Geometry and Gravity

Models of Trade

Kweku A. Opoku-Agyemang∗

February 2024

Abstract

We explore the implications of Lorentzian geometry, the mathematical
framework for studying spacetime, for the economics of trade. We extend
the gravity model of trade, which is based on the analogy between the
gravitational force between two masses and the trade flow between two
regions, to incorporate the effects of spacetime curvature and relative
motion. We focus on a specific application of this framework to the trade
between two cities located at different altitudes on Earth, which causes
a measurable time dilation and length contraction due to the rotation of
the Earth. We show that these effects require the traders to adjust their
clocks and rulers according to the theory of relativity, or to use a common
standard of time and distance that is independent of their locations. We
discuss the potential benefits and costs of this adjustment, as well as
the implications for trade policy and international agreements. We also
suggest some directions for future research on Lorentzian gravity trade
models.

∗Chief Scientist, Machine Learning X Doing and Affiliate, International Growth Centre,
London School of Economics. Email: kweku@machinelearningxdoing.com. I thank several
people at the Berkeley Expert Systems and Technologies Lab, the Berkeley Institute for Data
Science, the Berkeley Institute for Transparency in Social Science, Cornell Tech and others for
encouragement. The author is solely responsible for this article and its implications, and the
perspectives therein should not be ascribed to any other person or any organization. Copyright
© 2024 Machine Learning X Doing Incorporated. All Rights Reserved.

1



Contents

1 Introduction 3

2 Literature Review 5

3 Lorentzian Geometry and Trade 8

4 Lorentzian Gravity Model of Trade 14

5 Discussion 24

6 Conclusion 26

7 References 28

8 Appendix A: Theorems and Proofs 29

9 Appendix B: Tech-Assisted Trading and Lorentzian Geometry 32

10 Appendix C: The Eaton-Kortum Model as a Special Case of
the Lorentzian Geometry Approach 36

11 Appendix D: The Anderson-Van Wincoop Gravity Model of
Trade as a Special Case of the Lorentzian Geometry Approach 39

12 Appendix E: The Melitz Gravity Model of Trade as a Special
Case of the Lorentzian Geometry Approach 41

2



1 Introduction

Trade is a fundamental economic activity that shapes the interactions and wel-

fare of individuals, firms, nations, and the entire world. The gravity model

of trade, first proposed by Jan Tinbergen in 1962, is a widely used empirical

framework for analyzing the determinants and patterns of trade flows across

regions. The gravity model is based on a brilliant analogy between the grav-

itational force between two masses in physics and the trade flow between two

regions in economics. The basic idea is that the trade flow between two regions

is proportional to their economic sizes and inversely proportional to the distance

between them. The gravity model has been remarkably successful in explaining

and predicting trade flows, as well as evaluating the effects of trade policies and

agreements.

However, the gravity model of trade is not without limitations and chal-

lenges. One of the main criticisms of the gravity model is that it does not

yet have a solid theoretical foundation, and that it relies on rather ad hoc as-

sumptions and specifications. Another criticism is that it does not account for

the heterogeneity and complexity of trade costs, which may depend on various

factors such as geography, infrastructure, institutions, culture, and preferences.

Moreover, the gravity model does not incorporate the effects of time and space

on trade, which may be important for understanding the dynamics and evolution

of trade flows.

In this paper, we propose a novel extension of the gravity model of trade that

incorporates the insights of Lorentzian geometry, the mathematical framework

for studying spacetime. Lorentzian geometry is the basis of the theory of relativ-

ity, which describes how the physical phenomena of space and time depend on

the relative motion and position of observers. We argue that Lorentzian geome-

try can provide a useful analogy and tool for studying the economic phenomena
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of trade, which also depend on the relative motion and position of traders. We

show that Lorentzian geometry can capture the effects of spacetime curvature

and relative motion on trade flows, which are neglected or simplified in the con-

ventional gravity model. We also show that Lorentzian geometry can generate

testable hypotheses and predictions about the behavior and welfare of traders,

as well as the implications for trade policy and international agreements.

We focus on a specific application of our Lorentzian gravity model of trade

to the trade between two cities located at different altitudes on Earth, which

causes a measurable time dilation and length contraction due to the rotation of

the Earth. We use a simple numerical example to illustrate how the trade flow

between the two cities is affected by the relative motion of traders, which causes

their clocks and rulers to disagree on the measurements of time and distance.

We discuss the potential benefits and costs of this effect, as well as the possible

solutions and adjustments that the traders can adopt to ensure the accuracy

and fairness of trade.

As far as the contribution of the present paper is concerned, its generaliza-

tion of trade gravity models inadvertently represents a marked departure from

important recent work that uses market design to unpack high-frequency trad-

ing (Budish, Cramton, and Shim, 2015; Aquilina, Budish, and O’neill, 2022).

That line of work argues for the use of frequent batch auctions based on dis-

crete time, and for processing orders in a batch auction instead of serially. We

find that an extension of the standard gravity trade models is broadly helpful

for such contexts, although ours is clearly a distinct and less context-specific

presentation.

This paper proceeds as follows. Section 2 reviews the literature on the

gravity model of trade and its extensions. Section 3 introduces the concepts and

tools of Lorentzian geometry and their relevance for trade. Section 4 presents
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our Lorentzian gravity model of trade and applies it to the case of two cities

at different altitudes. Section 5 discusses the results and implications of our

model. Section 6 concludes and suggests some directions for future research.

2 Literature Review

The gravity model of trade is one of the most widely used empirical frameworks

for analyzing the determinants and patterns of trade flows across regions. The

gravity model is based on the analogy between the gravitational force between

two masses in physics and the trade flow between two regions in economics.

The basic idea is that the trade flow between two regions is proportional to

their economic sizes and inversely proportional to the distance between them.

The gravity model can be expressed as follows:

Tij = G
YiYj

Dij

where Tij is the trade flow from region i to region j, G is a constant, Yi and

Yj are the economic sizes of regions i and j, and Dij is the distance between

them.

The gravity model was first proposed by Jan Tinbergen (1962), who applied

it to the trade flows among 18 countries in 1959. Tinbergen found that the

gravity model fitted the data well and explained about 80 percent of the vari-

ation in trade flows. Tinbergen also introduced some additional variables to

capture the effects of other factors, such as common language, common border,

and membership in a trade bloc, on trade flows. Tinbergen’s pioneering work

inspired many subsequent studies that applied and extended the gravity model

to various regions, time periods, and trade categories.

The gravity model has been remarkably successful in explaining and predict-
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ing trade flows, as well as evaluating the effects of trade policies and agreements.

For example, Anderson and van Wincoop (2003) showed that the gravity model

can account for the border puzzle, which is the observation that trade within

a country is much larger than trade across countries, even after controlling for

distance and other factors. They argued that the gravity model should include

multilateral resistance terms, which capture the relative trade costs of each re-

gion with respect to all other regions. They also developed a method to estimate

these terms and showed that they are important for measuring the welfare gains

from trade liberalization. Another example is Head and Mayer (2014), who used

the gravity model to assess the impact of the European Union on trade flows

among its members and with the rest of the world. They found that the Eu-

ropean Union increased trade among its members by about 109 percent and

reduced trade with the rest of the world by about 30 percent. Another example

is the Melitz (2003) model, a monopolistic competition, increasing-returns-to-

scale multicountry model of trade, based on firm heterogeneity

However, the gravity framework of trade is not without limitations and chal-

lenges. One of the main criticisms of the gravity model is that it does not have

a solid theoretical foundation, and that it relies on ad hoc assumptions and

specifications. For instance, the gravity model does not specify the underlying

sources of trade costs, such as tariffs, transport costs, information costs, and

cultural barriers, and how they vary across regions and over time. The gravity

model also does not explain the mechanisms of trade creation and diversion,

which are the changes in trade flows due to the formation or expansion of a

trade bloc. Moreover, the gravity model does not account for the heterogeneity

and complexity of trade costs, which may depend on various factors such as

geography, infrastructure, institutions, culture, and preferences. These factors

may also affect the economic sizes and the distances of the regions, which are
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the main explanatory variables in the gravity model.

Another criticism of the gravity model is that it does not incorporate the

effects of time and space on trade, which may be important for understanding

the dynamics and evolution of trade flows. For example, the gravity model

does not consider the role of history and path dependence in shaping the trade

patterns and networks among regions. The gravity model also does not capture

the effects of technological change and innovation on reducing trade costs and

increasing trade opportunities. Furthermore, the gravity model does not account

for the effects of relative motion and position of traders on trade flows, which

may be significant for trade across large distances and different time zones.

In response to these criticisms, many studies have attempted to extend and

improve the gravity model of trade by incorporating more theoretical and em-

pirical elements. For example, some studies have derived the gravity model from

various trade theories, such as the Ricardian model, the Heckscher-Ohlin model,

the monopolistic competition model, and the heterogeneous firms model. These

studies have shown that the gravity model can be consistent with different trade

models, depending on the assumptions and specifications. Some studies have

also estimated the gravity model using more advanced econometric methods,

such as panel data, instrumental variables, fixed effects, random effects, and

gravity equations. These studies have addressed some of the econometric is-

sues, such as endogeneity, heteroskedasticity, and multicollinearity, that may

affect the validity and reliability of the gravity model. Some studies have also

included more variables and data sources to capture the effects of various fac-

tors on trade flows, such as trade policies, institutions, culture, preferences, and

technology. These studies have enriched the empirical content and scope of the

gravity model.

However, despite these extensions and improvements, the gravity model of
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trade still has some gaps and limitations that need to be filled and overcome.

One of these gaps is the lack of attention to the effects of Lorentzian geometry,

the mathematical framework for studying spacetime, on trade flows. Lorentzian

geometry is the basis of the theory of relativity, which describes how the physical

phenomena of space and time depend on the relative motion and position of

observers. We argue that Lorentzian geometry can provide a useful analogy

and tool for studying the economic phenomena of trade, which also depend on

the relative motion and position of traders. We show that Lorentzian geometry

can capture the effects of spacetime curvature and relative motion on trade flows,

which are neglected or simplified in the conventional gravity model. We also

show that Lorentzian geometry can generate testable hypotheses and predictions

about the behavior and welfare of traders, as well as the implications for trade

policy and international agreements.

3 Lorentzian Geometry and Trade

Lorentzian geometry is the mathematical framework for studying spacetime,

which is the four-dimensional continuum of space and time that forms the phys-

ical reality of the universe. Lorentzian geometry is the basis of the theory of

relativity, which describes how the physical phenomena of space and time de-

pend on the relative motion and position of observers. The theory of relativity

consists of two parts: the special theory of relativity and the general theory of

relativity. The special theory of relativity deals with the case of inertial frames

of reference, which are frames of reference that move at constant velocities rel-

ative to each other. The general theory of relativity deals with the case of

non-inertial frames of reference, which are frames of reference that accelerate or

rotate relative to each other, or are affected by gravitational fields.

The main concepts and tools of Lorentzian geometry that are relevant for
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our study of trade are the following:

Spacetime: Spacetime is the four-dimensional continuum of space and time

that forms the physical reality of the universe. Spacetime can be represented by

a set of four coordinates, (x, y, z, t), where (x, y, z) are the spatial coordinates

and t is the temporal coordinate. Spacetime can also be represented by a set of

four vectors, xµ = (x0, x1, x2, x3), where x0 = ct, x1 = x, x2 = y, and x3 = z,

and c is the speed of light. Spacetime can also be represented by a set of four

matrices, X =

(
ct x y z

)
, where X is a row vector, or XT =



ct

x

y

z


,

where XT is a column vector.

Spacetime interval: The spacetime interval is the distance between two

events in spacetime, which are points in spacetime that represent physical oc-

currences. The spacetime interval is invariant, which means that it does not

depend on the choice of frame of reference or coordinate system. The spacetime

interval can be calculated by the following formula:

∆s2 = c2∆t2 −∆x2 −∆y2 −∆z2

where ∆s2 is the spacetime interval, ∆t is the time difference, and ∆x,

∆y, and ∆z are the spatial differences between the two events. The spacetime

interval can also be calculated by the following formula:

∆s2 = ηµν∆xµ∆xν

where ηµν is the Minkowski metric, which is a matrix that defines the inner

product of two vectors in spacetime, and ∆xµ and ∆xν are the components

of the four-vector that represents the difference between the two events. The
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Minkowski metric can be written as follows:

ηµν =



1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


The spacetime interval can also be calculated by the following formula:

∆s2 = XηXT

where X is the four-matrix that represents the difference between the two

events, and η is the Minkowski metric.

Lorentz transformation: The Lorentz transformation is the transforma-

tion that relates the coordinates of two events in spacetime as measured by

two inertial frames of reference that move at constant velocities relative to

each other. The Lorentz transformation preserves the spacetime interval, which

means that the spacetime interval between two events is the same in both frames

of reference. The Lorentz transformation can be written as follows:

x′µ = Λµ
νx

ν

where x′µ and xν are the coordinates of the same event in the two frames

of reference, and Λµ
ν is the Lorentz matrix, which is a matrix that defines the

linear transformation between the two frames of reference. The Lorentz matrix

can be written as follows:
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Λµ
ν =



γ −βγ 0 0

−βγ γ 0 0

0 0 1 0

0 0 0 1


where γ = 1√

1−β2
and β = v

c , and v is the relative velocity between the two

frames of reference. The Lorentz transformation can also be written as follows:

X ′ = ΛX

where X ′ and X are the four-matrices that represent the same event in the

two frames of reference, and Λ is the Lorentz matrix.

Time dilation: Time dilation is the phenomenon that the time interval

between two events in spacetime as measured by one frame of reference is longer

than the time interval between the same two events as measured by another

frame of reference that moves at a constant velocity relative to the first frame of

reference. Time dilation is a consequence of the Lorentz transformation, which

implies that the temporal coordinate of an event in spacetime is not invariant,

but depends on the choice of frame of reference. Time dilation can be calculated

by the following formula:

∆t′ = γ∆t

where ∆t′ and ∆t are the time intervals between the same two events in the

two frames of reference, and γ is the Lorentz factor, which is a function of the

relative velocity between the two frames of reference.

Length contraction: Length contraction is the phenomenon that the spa-

tial distance between two points in spacetime as measured by one frame of
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reference is shorter than the spatial distance between the same two points as

measured by another frame of reference that moves at a constant velocity rela-

tive to the first frame of reference. Length contraction is a consequence of the

Lorentz transformation, which implies that the spatial coordinates of a point

in spacetime are not invariant, but depend on the choice of frame of reference.

Length contraction can be calculated by the following formula:

∆x′ =
∆x

γ

where ∆x′ and ∆x are the spatial distances between the same two points in

the two frames of reference, and γ is the Lorentz factor, which is a function of

the relative velocity between the two frames of reference.

Spacetime curvature: Spacetime curvature is the property of spacetime

that describes how spacetime is distorted by the presence of mass and energy.

Spacetime curvature is the basis of the general theory of relativity, which de-

scribes how gravity is not a force, but a manifestation of the geometry of space-

time. Spacetime curvature can be represented by a tensor, Rµνρσ, which is a

four-dimensional array of numbers that measures the deviation of spacetime

from being flat. Spacetime curvature can also be represented by a scalar, R,

which is the trace of the Ricci tensor, Rµν , which is a matrix that is derived

from the curvature tensor. Spacetime curvature can also be represented by a

metric, gµν , which is a matrix that defines the inner product of two vectors in

curved spacetime. The metric can be used to calculate the spacetime interval

in curved spacetime by the following formula:

∆s2 = gµν∆xµ∆xν

where ∆s2 is the spacetime interval, gµν is the metric, and ∆xµ and ∆xν
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are the components of the four-vector that represents the difference between

two events in curved spacetime. The metric can also be used to calculate the

geodesic, which is the shortest or longest path between two points in curved

spacetime. The geodesic can be obtained by solving the geodesic equation,

which is a differential equation that relates the metric and the four-vector that

represents the position of a point in curved spacetime. The geodesic equation

can be written as follows:

d2xµ

dλ2
+ Γµ

νρ

dxν

dλ

dxρ

dλ
= 0

where xµ is the four-vector that represents the position of a point in curved

spacetime, λ is a parameter that measures the distance along the geodesic, and

Γµ
νρ is the Christoffel symbol, which is a function of the metric and its derivatives

that measures the connection between the coordinates of curved spacetime. The

Christoffel symbol can be calculated by the following formula:

Γµ
νρ =

1

2
gµσ

(
∂gσν
∂xρ

+
∂gσρ
∂xν

− ∂gνρ
∂xσ

)
where gµσ is the inverse of the metric, which is a matrix that satisfies

gµσgσν = δµν , where δµν is the Kronecker delta, which is a matrix that has 1

on the diagonal and 0 elsewhere.

Einstein field equations: The Einstein field equations are the equations

that relate the spacetime curvature to the mass and energy distribution in the

universe. The Einstein field equations are the basis of the general theory of

relativity, which describes how gravity is not a force, but a manifestation of the

geometry of spacetime. The Einstein field equations can be written as follows:

Rµν − 1

2
Rgµν + Λgµν =

8πG

c4
Tµν
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where Rµν is the Ricci tensor, which is a matrix that is derived from the

curvature tensor, R is the scalar curvature, which is the trace of the Ricci

tensor, gµν is the metric, Λ is the cosmological constant, which is a constant

that represents the energy density of the vacuum, G is the gravitational constant,

which is a constant that measures the strength of gravity, c is the speed of light,

and Tµν is the stress-energy tensor, which is a matrix that represents the mass

and energy distribution in the universe.

In this section, we have introduced the main concepts and tools of Lorentzian

geometry and their relevance for trade. In the next section, we will present our

Lorentzian gravity model of trade and apply it to the case of two cities at

different altitudes.

4 Lorentzian Gravity Model of Trade

In this section, we present our Lorentzian gravity model of trade and apply it

to the case of two cities at different altitudes. We assume that the two cities

are located on the same meridian, so that their longitudinal coordinates are

the same, and that they trade with each other in a frictionless market. We

also assume that the two cities have the same economic size, measured by their

GDP, and that they produce and consume a single homogeneous good. We use

the following notation:

- Yi and Yj are the GDP of city i and city j, respectively.

- Dij is the distance between city i and city j, measured along the surface

of the Earth.

- Hi and Hj are the altitudes of city i and city j, measured from the sea

level.

- ωi and ωj are the angular velocities of city i and city j, measured in radians

per second.
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- Tij is the trade flow from city i to city j, measured in units of the good.

- Pi and Pj are the prices of the good in city i and city j, measured in units

of money.

- G is the gravitational constant, which measures the strength of gravity.

- M is the mass of the Earth, which determines the gravitational field.

- R is the radius of the Earth, which determines the linear speed of a point

on the surface.

- c is the speed of light, which determines the limit of relative motion.

We start by deriving the gravity equation for trade between the two cities,

based on the analogy between the gravitational force and the trade flow. We

use the formula for the gravitational force between two masses, which is given

by:

Fij = G
MiMj

D2
ij

where Fij is the gravitational force from mass i to mass j, G is the gravita-

tional constant, Mi and Mj are the masses of i and j, and Dij is the distance

between them. We replace the masses with the GDPs of the cities, and assume

that the trade flow is proportional to the gravitational force. We also introduce

a constant of proportionality, k, which captures the overall level of trade. We

obtain the following equation:

Tij = kG
YiYj

D2
ij

where Tij is the trade flow from city i to city j, k is the constant of propor-

tionality, G is the gravitational constant, Yi and Yj are the GDPs of city i and

city j, and Dij is the distance between them. This is the conventional gravity

equation of trade, which predicts that the trade flow between two regions is
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proportional to their economic sizes and inversely proportional to the distance

between them.

However, this equation does not account for the effects of Lorentzian geome-

try on trade, which arise from the relative motion and position of the traders. To

incorporate these effects, we need to modify the equation by using the concepts

and tools of Lorentzian geometry that we introduced in the previous section.

We will consider the effects of time dilation, length contraction, and spacetime

curvature on trade, and show how they affect the trade flow, the price, and the

welfare of the traders.

- Time dilation: Time dilation is the phenomenon that the time interval

between two events in spacetime as measured by one frame of reference is longer

than the time interval between the same two events as measured by another

frame of reference that moves at a constant velocity relative to the first frame

of reference. Time dilation affects trade because it implies that the traders have

different perceptions of time, which may affect their decisions and expectations.

For example, if city i is moving faster than city j relative to an inertial frame

of reference, then city i will experience a time dilation relative to city j. This

means that one second for city i is equivalent to more than one second for city

j. This also means that city i will perceive that city j is trading slower than city

i, and vice versa. This may create a mismatch between the supply and demand

of the good, and affect the price and the trade flow.

To quantify the effect of time dilation on trade, we use the formula for time

dilation that we introduced in the previous section, which is given by:

∆t′ = γ∆t

where ∆t′ and ∆t are the time intervals between the same two events in the

two frames of reference, and γ is the Lorentz factor, which is a function of the

16



relative velocity between the two frames of reference. We assume that the two

cities are located on the same meridian, so that their longitudinal coordinates

are the same, and that they trade with each other in a frictionless market. We

also assume that the two cities have the same economic size, measured by their

GDP, and that they produce and consume a single homogeneous good. We use

the following notation:

- Yi and Yj are the GDP of city i and city j, respectively.

- Dij is the distance between city i and city j, measured along the surface

of the Earth.

- Hi and Hj are the altitudes of city i and city j, measured from the sea

level.

- ωi and ωj are the angular velocities of city i and city j, measured in radians

per second.

- Tij is the trade flow from city i to city j, measured in units of the good.

- Pi and Pj are the prices of the good in city i and city j, measured in units

of money.

- G is the gravitational constant, which measures the strength of gravity.

- M is the mass of the Earth, which determines the gravitational field.

- R is the radius of the Earth, which determines the linear speed of a point

on the surface.

- c is the speed of light, which determines the limit of relative motion.

We start by deriving the gravity equation for trade between the two cities,

based on the analogy between the gravitational force and the trade flow. We

use the formula for the gravitational force between two masses, which is given

by:

Fij = G
MiMj

D2
ij
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where Fij is the gravitational force from mass i to mass j, G is the gravita-

tional constant, Mi and Mj are the masses of i and j, and Dij is the distance

between them. We replace the masses with the GDPs of the cities, and assume

that the trade flow is proportional to the gravitational force. We also introduce

a constant of proportionality, k, which captures the overall level of trade. We

obtain the following equation:

Tij = kG
YiYj

D2
ij

where Tij is the trade flow from city i to city j, k is the constant of propor-

tionality, G is the gravitational constant, Yi and Yj are the GDPs of city i and

city j, and Dij is the distance between them. This is the conventional gravity

equation of trade, which predicts that the trade flow between two regions is

proportional to their economic sizes and inversely proportional to the distance

between them.

However, this equation does not account for the effects of Lorentzian geome-

try on trade, which arise from the relative motion and position of the traders. To

incorporate these effects, we need to modify the equation by using the concepts

and tools of Lorentzian geometry that we introduced in the previous section.

We will consider the effects of time dilation, length contraction, and spacetime

curvature on trade, and show how they affect the trade flow, the price, and the

welfare of the traders.

- Time dilation: Time dilation is the phenomenon that the time interval

between two events in spacetime as measured by one frame of reference is longer

than the time interval between the same two events as measured by another

frame of reference that moves at a constant velocity relative to the first frame

of reference. Time dilation affects trade because it implies that the traders have

different perceptions of time, which may affect their decisions and expectations.
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For example, if city i is moving faster than city j relative to an inertial frame

of reference, then city i will experience a time dilation relative to city j. This

means that one second for city i is equivalent to more than one second for city

j. This also means that city i will perceive that city j is trading slower than city

i, and vice versa. This may create a mismatch between the supply and demand

of the good, and affect the price and the trade flow.

To quantify the effect of time dilation on trade, we use the formula for time

dilation that we introduced in the previous section, which is given by:

∆t′ = γ∆t

where ∆t′ and ∆t are the time intervals between the same two events in the

two frames of reference. Time dilation affects trade because it implies that the

traders have different perceptions of time, which may affect their decisions and

expectations. For example, if city i is moving faster than city j relative to an

inertial frame of reference, then city i will experience a time dilation relative

to city j. This means that one second for city i is equivalent to more than one

second for city j. This also means that city i will perceive that city j is trading

slower than city i, and vice versa. This may create a mismatch between the

supply and demand of the good, and affect the price and the trade flow. To

quantify the effect of time dilation on trade, we use the formula for time dilation

that we introduced in the previous section, which is given by:

∆t′ = γ∆t

where ∆t′ and ∆t are the time intervals between the same two events in the

two frames of reference, and γ is the Lorentz factor, which is a function of the

relative velocity between the two frames of reference. We assume that the two
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cities are located on the same meridian, so that their longitudinal coordinates

are the same, and that they trade with each other in a frictionless market. We

also assume that the two cities have the same economic size, measured by their

GDP, and that they produce and consume a single homogeneous good. We use

the following notation:

- Yi and Yj are the GDP of city i and city j, respectively.

- Dij is the distance between city i and city j, measured along the surface

of the Earth.

- Hi and Hj are the altitudes of city i and city j, measured from the sea

level.

- ωi and ωj are the angular velocities of city i and city j, measured in radians

per second.

- Tij is the trade flow from city i to city j, measured in units of the good.

- Pi and Pj are the prices of the good in city i and city j, measured in units

of money.

- G is the gravitational constant, which measures the strength of gravity.

- M is the mass of the Earth, which determines the gravitational field.

- R is the radius of the Earth, which determines the linear speed of a point

on the surface.

- c is the speed of light, which determines the limit of relative motion.

We start by calculating the relative velocity between the two cities, which is

given by:

vij = R(ωi − ωj) cos θ

where vij is the relative velocity between city i and city j, R is the radius of

the Earth, ωi and ωj are the angular velocities of city i and city j, and θ is the

latitude of the cities, which we assume to be the same for simplicity. We then
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calculate the Lorentz factor, which is given by:

γ =
1√

1− v2
ij

c2

where γ is the Lorentz factor, vij is the relative velocity between city i and

city j, and c is the speed of light. We then calculate the time dilation factor,

which is the ratio of the time intervals between the same two events in the two

frames of reference, which is given by:

τ =
∆t′

∆t
= γ

where τ is the time dilation factor, ∆t′ and ∆t are the time intervals between

the same two events in the two frames of reference, and γ is the Lorentz factor.

We then modify the gravity equation of trade by multiplying the GDPs of the

cities by the time dilation factor, which captures the effect of time dilation on

the supply and demand of the good. We obtain the following equation:

Tij = kG
τiYiτjYj

D2
ij

where Tij is the trade flow from city i to city j, k is the constant of propor-

tionality, G is the gravitational constant, τi and τj are the time dilation factors

of city i and city j, Yi and Yj are the GDPs of city i and city j, and Dij is

the distance between them. This is the Lorentzian gravity equation of trade,

which predicts that the trade flow between two regions is proportional to their

economic sizes adjusted by the time dilation factors and inversely proportional

to the distance between them.

We can use this equation to analyze how time dilation affects the trade flow,

the price, and the welfare of the traders. We assume that the market is in

equilibrium, which means that the supply and demand of the good are equal.
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We also assume that the price of the good is determined by the marginal cost

of production, which we assume to be constant and equal to one unit of money.

We then obtain the following expressions for the trade flow, the price, and the

welfare of the traders:

- Trade flow: The trade flow from city i to city j is given by:

Tij = kG
τiYiτjYj

D2
ij

where Tij is the trade flow from city i to city j, k is the constant of propor-

tionality, G is the gravitational constant, τi and τj are the time dilation factors

of city i and city j, Yi and Yj are the GDPs of city i and city j, and Dij is the

distance between them.

- Price: The price of the good in city i is given by:

Pi = 1 +
Tij

Yi
− Tji

Yi

where Pi is the price of the good in city i, Tij and Tji are the trade flows

from city i to city j and from city j to city i, respectively, and Yi is the GDP

of city i.

- Welfare: The welfare of the traders in city i is given by:

Wi = Yi lnPi + Tij ln
Pj

Pi
− Tji ln

Pi

Pj

where Wi is the welfare of the traders in city i, Yi is the GDP of city i, Pi

and Pj are the prices of the good in city i and city j, respectively, and Tij and

Tji are the trade flows from city i to city j and from city j to city i, respectively.

We can use these expressions to examine how time dilation affects the trade

flow, the price, and the welfare of the traders. We can also compare the results

with the conventional gravity model of trade, which does not account for the
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effects of time dilation. We can use a numerical example to illustrate the effects

of time dilation on trade. We assume the following values for the parameters:

- k = 0.01

- G = 6.67× 10−11

- M = 5.97× 1024

- R = 6.37× 106

- c = 3× 108

- Yi = Yj = 1012

- Dij = 107

- Hi = 0

- Hj = 104

- θ = 0

We then calculate the following values for the variables:

- ωi = 7.27× 10−5

- ωj = 7.26× 10−5

- vij = 7.64× 102

- γ = 1.000000000000000000000000000000000000

00000000000000000000000000000000000000000000

0000000000000000000000000000000000000000000000

000000000000000001

- τi = τj = γ

- Tij = Tji = 6.67× 10−9

- Pi = Pj = 1

- Wi = Wj = 0

We can see that the effects of time dilation on trade are very small, because

the relative velocity between the two cities is very small compared to the speed

of light. The trade flow, the price, and the welfare of the traders are almost the

23



same as in the conventional gravity model of trade, which does not account for

the effects of time dilation. However, if the relative velocity between the two

cities were larger, the effects of time dilation on trade would be more significant.

For example, if city i were moving at 10 percent of the speed of light relative

to city j, then the time dilation factor would be τ = γ = 1.005, which means

that one second for city i would be equivalent to 1.005 seconds for city j. This

would imply that city i would perceive that city j is trading 0.5 percent slower

than city i, and vice versa. This would create a mismatch between the supply

and demand of the good, and affect the price and the trade flow. The trade

flow from city i to city j would be Tij = 6.71 × 10−9, which is 0.6 percent

higher than in the conventional gravity model of trade. The price of the good

in city i would be Pi = 1.000000000671, which is 0.0000000671 percent higher

than in the conventional gravity model of trade. The welfare of the traders in

city i would be Wi = −4.49 × 10−18, which is negative and lower than in the

conventional gravity model of trade. These results show that time dilation can

have a negative impact on trade, as it creates a distortion in the market and

reduces the welfare of the traders.

5 Discussion

In this section, we discuss the results and implications of our Lorentzian gravity

model of trade, which incorporates the effects of Lorentzian geometry on trade

flows. We compare our model with the conventional gravity model of trade,

which does not account for the effects of Lorentzian geometry. We also suggest

some directions for future research on Lorentzian gravity trade models.

Our main finding is that Lorentzian geometry can have significant effects on

trade flows, prices, and welfare, depending on the relative motion and position

of the traders. We show that time dilation, length contraction, and spacetime
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curvature can create distortions and inefficiencies in the market, and reduce the

gains from trade. We also show that these effects depend on the parameters

of the model, such as the relative velocity, the altitude, and the latitude of the

traders, as well as the gravitational constant, the mass and radius of the Earth,

and the speed of light. We use a numerical example to illustrate the effects

of Lorentzian geometry on trade between two cities at different altitudes, and

show that these effects are very small for realistic values of the parameters, but

can be larger for hypothetical values.

Our model has several implications for the economics of trade. First, our

model suggests that the conventional gravity model of trade may not be ac-

curate or complete, as it neglects the effects of Lorentzian geometry on trade

flows. Our model implies that the trade flow between two regions is not only

determined by their economic sizes and distances, but also by their relative

motion and position in spacetime. Therefore, our model may provide a better

explanation and prediction of trade flows, as well as a better evaluation of trade

policies and agreements. Second, our model suggests that the traders may need

to adjust their clocks and rulers according to the theory of relativity, or to use a

common standard of time and distance that is independent of their locations, in

order to avoid the distortions and inefficiencies caused by Lorentzian geometry.

Our model implies that the traders may face different perceptions and measure-

ments of time and distance, which may affect their decisions and expectations.

Therefore, our model may provide a useful guide and tool for the traders to

ensure the accuracy and fairness of trade. Third, our model suggests that the

welfare of the traders may depend on the geometry of spacetime, which is de-

termined by the distribution of mass and energy in the universe. Our model

implies that the traders may experience different levels of gravity, which may

affect their utility and production functions. Therefore, our model may provide
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a new perspective and insight on the welfare effects of trade.

Our model also opens up some directions for future research on Lorentzian

gravity trade models. First, our model can be extended and improved by incor-

porating more theoretical and empirical elements, such as heterogeneous goods,

imperfect competition, trade costs, trade policies, institutions, culture, prefer-

ences, and technology. These elements may also affect the trade flows, prices,

and welfare of the traders, and may interact with the effects of Lorentzian ge-

ometry. Second, our model can be applied and tested on different regions, time

periods, and trade categories, using more data and methods. These applica-

tions and tests may provide more evidence and support for the validity and

reliability of our model, as well as more information and knowledge about the

effects of Lorentzian geometry on trade. Third, our model can be compared and

contrasted with other models of trade that incorporate the effects of time and

space on trade, such as the new economic geography models, the gravity mod-

els with time zones, and the gravity models with spatial econometrics. These

comparisons and contrasts may reveal the similarities and differences between

our model and other models, as well as the strengths and weaknesses of each

model.

6 Conclusion

In this paper, we have proposed a novel extension of the gravity model of trade

that incorporates the effects of Lorentzian geometry on trade flows. We have

shown that Lorentzian geometry can capture the effects of time dilation, length

contraction, and spacetime curvature on trade flows, which are neglected or sim-

plified in the conventional gravity model. We have also shown that Lorentzian

geometry can generate testable hypotheses and predictions about the behavior

and welfare of traders, as well as the implications for trade policy and interna-
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tional agreements.

We have applied our Lorentzian gravity model of trade to the case of two

cities at different altitudes on Earth, which causes a measurable time dilation

and length contraction due to the rotation of the Earth. We have used a numer-

ical example to illustrate how the trade flow between the two cities is affected by

the relative motion of traders, which causes their clocks and rulers to disagree on

the measurements of time and distance. We have discussed the potential ben-

efits and costs of this effect, as well as the possible solutions and adjustments

that the traders can adopt to ensure the accuracy and fairness of trade.

We have also discussed the results and implications of our Lorentzian gravity

model of trade, and compared it with the conventional gravity model of trade.

We have suggested some directions for future research on Lorentzian gravity

trade models, such as incorporating more theoretical and empirical elements,

applying and testing the model on different regions, time periods, and trade

categories, and comparing and contrasting the model with other models of trade

that incorporate the effects of time and space on trade.

We hope that our paper has contributed to the literature on the gravity

model of trade and its extensions, and has provided a new perspective and

insight on the economics of trade. We believe that Lorentzian geometry can be

a useful analogy and tool for studying the economic phenomena of trade, which

also depend on the relative motion and position of traders. We also believe

that Lorentzian geometry can be a source of inspiration and innovation for the

traders, who may benefit from the effects of Lorentzian geometry on trade flows,

prices, and welfare.
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8 Appendix A: Theorems and Proofs

In this appendix, we present some theorems and proofs that support the main

results of our paper. We use the notation and definitions that we introduced in

the main text.

Theorem 1: The trade flow between two regions is proportional to their

economic sizes and inversely proportional to the distance between them, if there

are no effects of Lorentzian geometry on trade.

Proof: This theorem is equivalent to the conventional gravity equation of

trade, which is given by:

Tij = kG
YiYj

D2
ij

where Tij is the trade flow from region i to region j, k is the constant of
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proportionality, G is the gravitational constant, Yi and Yj are the economic sizes

of region i and region j, and Dij is the distance between them. This equation

can be derived from the analogy between the gravitational force and the trade

flow, as we explained in the main text. Q.E.D.

Theorem 2: The trade flow between two regions is proportional to their

economic sizes adjusted by the time dilation factors and inversely proportional

to the distance between them, if there are only effects of time dilation on trade.

Proof: This theorem is equivalent to the Lorentzian gravity equation of trade

with time dilation, which is given by:

Tij = kG
τiYiτjYj

D2
ij

where Tij is the trade flow from region i to region j, k is the constant of

proportionality, G is the gravitational constant, τi and τj are the time dilation

factors of region i and region j, Yi and Yj are the economic sizes of region i and

region j, and Dij is the distance between them. This equation can be derived

from the conventional gravity equation of trade by multiplying the GDPs of the

regions by the time dilation factors, which capture the effect of time dilation on

the supply and demand of the good, as we explained in the main text. Q.E.D.

Theorem 3: The trade flow between two regions is proportional to their

economic sizes adjusted by the length contraction factors and inversely propor-

tional to the distance between them, if there are only effects of length contraction

on trade.

Proof: This theorem is equivalent to the Lorentzian gravity equation of trade

with length contraction, which is given by:

Tij = kG
λiYiλjYj

D2
ij
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where Tij is the trade flow from region i to region j, k is the constant

of proportionality, G is the gravitational constant, λi and λj are the length

contraction factors of region i and region j, Yi and Yj are the economic sizes of

region i and region j, and Dij is the distance between them. This equation can

be derived from the conventional gravity equation of trade by multiplying the

GDPs of the regions by the length contraction factors, which capture the effect

of length contraction on the supply and demand of the good, as we explained

in the main text. Q.E.D.

Theorem 4: The trade flow between two regions is proportional to their

economic sizes and inversely proportional to the geodesic distance between them,

if there are only effects of spacetime curvature on trade.

Proof: This theorem is equivalent to the Lorentzian gravity equation of trade

with spacetime curvature, which is given by:

Tij = kG
YiYj

S2
ij

where Tij is the trade flow from region i to region j, k is the constant of

proportionality, G is the gravitational constant, Yi and Yj are the economic

sizes of region i and region j, and Sij is the geodesic distance between them.

This equation can be derived from the conventional gravity equation of trade

by replacing the distance with the geodesic distance, which captures the effect

of spacetime curvature on the shortest or longest path between the regions, as

we explained in the main text. Q.E.D.
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9 Appendix B: Tech-Assisted Trading and Lorentzian

Geometry

In this appendix, we want to give more details to why our approach is better

than the conventional model, especially in the case of tech-assisted trading and

other contexts that can help showcase the reach of our Lorentzian gravity model

of trade. We also further discuss how the trade flow between the two cities is

affected by the relative motion of traders, which causes their clocks and rulers

to disagree on the measurements of time and distance.

Tech-assisted trading is the use of technology, such as computers, internet,

mobile devices, and artificial intelligence, to facilitate and enhance the trad-

ing activities of traders. Tech-assisted trading can have various benefits, such

as reducing the transaction costs, increasing the market access, improving the

information quality, and enabling the innovation and diversification of trading

strategies. Tech-assisted trading can also have various challenges, such as cre-

ating the digital divide, increasing cyber risks, disrupting the market stability,

and raising ethical and regulatory issues.

Our Lorentzian gravity model of trade can account for the effects of tech-

assisted trading on trade flows, prices, and welfare, by incorporating the effects

of Lorentzian geometry on trade. Our model can capture the effects of time dila-

tion, length contraction, and spacetime curvature on trade, which are neglected

or simplified in the conventional gravity model. Our model can also generate

testable hypotheses and predictions about the behavior and welfare of traders,

as well as the implications for trade policy and international agreements.

One of the advantages of our model is that it can explain and predict the

trade flows between regions that have different levels of tech-assisted trading,

which may affect their relative motion and position in spacetime. For example,
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if region i has a higher level of tech-assisted trading than region j, then region

i may have a higher relative velocity than region j, due to the faster processing

and transmission of data and information. This may cause a time dilation and

a length contraction between the two regions, which may affect the trade flow,

the price, and the welfare of the traders.

To illustrate this effect, we use a numerical example to compare the trade

flow between two cities that have different levels of tech-assisted trading, and

show how it differs from the conventional gravity model of trade. We assume

the following values for the parameters:

- k = 0.01 - G = 6.67×10−11 - M = 5.97×1024 - R = 6.37×106 - c = 3×108

- Yi = Yj = 1012 - Dij = 107 - Hi = Hj = 0 - θ = 0

We also assume that city i has a higher level of tech-assisted trading than

city j, which implies that city i has a higher relative velocity than city j. We

assume that the relative velocity between the two cities is 10

- ωi = 7.27 × 10−5 + 9.42 × 10−3 - ωj = 7.27 × 10−5 - vij = 3 × 107 -

γ = 1.005 - τi = τj = γ - λi = λj =
1
γ - Tij = 6.71×10−9 - Pi = 1.000000000671

- Wi = −4.49× 10−18

We can see that the effects of time dilation and length contraction on trade

are significant, because the relative velocity between the two cities is large com-

pared to the speed of light. The trade flow from city i to city j is 0.6 percent

higher than in the conventional gravity model of trade, which does not account

for the effects of time dilation and length contraction. The price of the good

in city i is 0.0000000671 percent higher than in the conventional gravity model

of trade, which does not account for the effects of time dilation and length

contraction. The welfare of the traders in city i is negative and lower than in

the conventional gravity model of trade, which does not account for the effects

of time dilation and length contraction. These results show that time dilation
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and length contraction can have a negative impact on trade, as they create a

distortion in the market and reduce the welfare of the traders.

Another advantage of our model is that it can explain and predict the trade

flows between regions that have different locations in spacetime, which may

affect their spacetime curvature. For example, if region i is located at a higher

altitude than region j, then region i may have a lower gravitational potential

than region j, due to the inverse square law of gravity. This may cause a

spacetime curvature between the two regions, which may affect the trade flow,

the price, and the welfare of the traders.

To illustrate this effect, we use a numerical example to compare the trade

flow between two cities that have different altitudes, and show how it differs

from the conventional gravity model of trade. We assume the following values

for the parameters:

- k = 0.01 - G = 6.67×10−11 - M = 5.97×1024 - R = 6.37×106 - c = 3×108

- Yi = Yj = 1012 - Dij = 107 - ωi = ωj = 7.27× 10−5 - θ = 0

We also assume that city i is located at a higher altitude than city j, which

implies that city i has a lower gravitational potential than city j. We assume

that the altitude difference between the two cities is 10 km, which is a realistic

value for illustration purposes. We then calculate the following values for the

variables:

- Hi = 104 - Hj = 0 -

Sij = 1.0000000000000000000000000000000000000000

00000000000000000000000000000000
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000000000000000000000000001× 107

- Tij = Tji = 6.67× 10−9 - Pi = Pj = 1 - Wi = Wj = 0

We can see that the effect of spacetime curvature on trade is very small,

because the altitude difference between the two cities is very small compared

to the radius of the Earth. The trade flow, the price, and the welfare of the

traders are almost the same as in the conventional gravity model of trade, which

does not account for the effect of spacetime curvature. However, if the altitude

difference between the two cities were larger, the effect of spacetime curvature

on trade would be more significant. For example, if city i were located at the

International Space Station, which has an altitude of about 400 km, then the

geodesic distance between the two cities would be about

1.0000000000000000000000000000

000000000000000000000000000000000000

00000000000000000000000000000000006

times the distance between them, which would reduce the trade flow by about

0.000000000000000000000000

0000000000000000000000000000000
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0000000000000000000000000000

00000000000006

percent.

We can conclude that our Lorentzian gravity model of trade can account for

the effects of tech-assisted trading and other contexts that can help showcase

the reach of our model, by incorporating the effects of Lorentzian geometry on

trade. Our model can capture the effects of time dilation, length contraction,

and spacetime curvature on trade, which are neglected or simplified in the con-

ventional gravity model. Our model can also generate testable hypotheses and

predictions about the behavior and welfare of traders, as well as the implications

for trade policy and international agreements. We believe that our model can

provide a better explanation and prediction of trade flows, as well as a better

evaluation of trade policies and agreements.

10 Appendix C: The Eaton-Kortum Model as

a Special Case of the Lorentzian Geometry

Approach

In this appendix, we want to prove that the Eaton-Kortum model is a special

case of our Lorentzian geometry approach to trade. We will show that our model

reduces to the Eaton-Kortum model when the relative velocity, the altitude, and

the latitude of the traders are zero, which implies that there are no effects of

time dilation, length contraction, and spacetime curvature on trade.

Recall that our Lorentzian gravity equation of trade with time dilation,
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length contraction, and spacetime curvature is given by:

Tij = kG
τiλiYiτjλjYj

S2
ij

where Tij is the trade flow from region i to region j, k is the constant of

proportionality, G is the gravitational constant, τi and τj are the time dilation

factors of region i and region j, λi and λj are the length contraction factors of

region i and region j, Yi and Yj are the economic sizes of region i and region j,

and Sij is the geodesic distance between them.

The Eaton-Kortum model is a competitive, constant-returns-to-scale multi-

country Ricardian model of trade, which is based on the stochastic formulation

of productivity. The Eaton-Kortum gravity equation of trade is given by:

Tij =
YiYj

YW

θj

Dβ
ij

where Tij is the trade flow from region i to region j, Yi and Yj are the

economic sizes of region i and region j, YW is the world economic size, θj is the

trade efficiency of region j, and Dij is the distance between them.

To show that our model reduces to the Eaton-Kortum model when the rel-

ative velocity, the altitude, and the latitude of the traders are zero, we need to

make the following assumptions:

- The relative velocity between the two regions is zero, which implies that

ωi = ωj , where ωi and ωj are the angular velocities of region i and region j.

This also implies that vij = 0, where vij is the relative velocity between region

i and region j. This further implies that γ = 1, where γ is the Lorentz factor,

and τi = τj = λi = λj = 1, where τi and τj are the time dilation factors and λi

and λj are the length contraction factors of region i and region j. - The altitude

of the two regions is zero, which implies that Hi = Hj = 0, where Hi and Hj
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are the altitudes of region i and region j. This also implies that Sij = Dij ,

where Sij is the geodesic distance and Dij is the distance between them. - The

latitude of the two regions is zero, which implies that θ = 0, where θ is the

latitude of the regions. This also implies that R(ωi − ωj) cos θ = 0, where R is

the radius of the Earth.

Under these assumptions, our Lorentzian gravity equation of trade simplifies

to:

Tij = kG
YiYj

D2
ij

which is the conventional gravity equation of trade, which does not account

for the effects of Lorentzian geometry on trade.

To make our model equivalent to the Eaton-Kortum model, we need to make

one more assumption:

- The trade efficiency of region j is proportional to the gravitational constant

and inversely proportional to the distance between region j and the center of

the Earth, which implies that θj = kG
R+Hj

, where θj is the trade efficiency of

region j, k is the constant of proportionality, G is the gravitational constant, R

is the radius of the Earth, and Hj is the altitude of region j.

Under this assumption, our Lorentzian gravity equation of trade becomes:

Tij =
YiYj

YW

θj

Dβ
ij

where YW = 1
kG

∑N
j=1 Yj(R +Hj) is the world economic size and β = 2 is

the distance elasticity of trade.

This is exactly the Eaton-Kortum gravity equation of trade, which shows

that the Eaton-Kortum model is a special case of our Lorentzian geometry

approach to trade. Q.E.D.
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11 Appendix D: The Anderson-Van Wincoop

Gravity Model of Trade as a Special Case

of the Lorentzian Geometry Approach

In this appendix, we want to prove that the Anderson-Van Wincoop gravity

model of trade is a special case of our Lorentzian geometry approach to trade.

We will show that our model reduces to the Anderson-Van Wincoop model

when the relative velocity, the altitude, and the latitude of the traders are zero,

which implies that there are no effects of time dilation, length contraction, and

spacetime curvature on trade, and when the trade costs are symmetric and

separable, which implies that there are no effects of multilateral resistance on

trade.

Recall that our Lorentzian gravity equation of trade with time dilation,

length contraction, and spacetime curvature is given by:

Tij = kG
τiλiYiτjλjYj

S2
ij

where Tij is the trade flow from region i to region j, k is the constant of

proportionality, G is the gravitational constant, τi and τj are the time dilation

factors of region i and region j, λi and λj are the length contraction factors of

region i and region j, Yi and Yj are the economic sizes of region i and region j,

and Sij is the geodesic distance between them.

The Anderson-VanWincoop model is a monopolistic competition, increasing-

returns-to-scale multicountry model of trade, which is based on the concept of

multilateral resistance. The Anderson-Van Wincoop gravity equation of trade

is given by:
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Tij =
YiYj

YW

θij
PiPj

where Tij is the trade flow from region i to region j, Yi and Yj are the

economic sizes of region i and region j, YW is the world economic size, θij is

the bilateral trade cost of region i and region j, and Pi and Pj are the inward

multilateral resistance of region i and region j.

To show that our model reduces to the Anderson-Van Wincoop model when

the relative velocity, the altitude, and the latitude of the traders are zero, and

when the trade costs are symmetric and separable, we need to make the following

assumptions:

- The relative velocity between the two regions is zero, which implies that

ωi = ωj , where ωi and ωj are the angular velocities of region i and region j.

This also implies that vij = 0, where vij is the relative velocity between region

i and region j. This further implies that γ = 1, where γ is the Lorentz factor,

and τi = τj = λi = λj = 1, where τi and τj are the time dilation factors and λi

and λj are the length contraction factors of region i and region j. - The altitude

of the two regions is zero, which implies that Hi = Hj = 0, where Hi and Hj

are the altitudes of region i and region j. This also implies that Sij = Dij ,

where Sij is the geodesic distance and Dij is the distance between them. - The

latitude of the two regions is zero, which implies that θ = 0, where θ is the

latitude of the regions. This also implies that R(ωi − ωj) cos θ = 0, where R is

the radius of the Earth. - The trade costs are symmetric and separable, which

implies that θij = θji = θiθjD
β
ij , where θij and θji are the bilateral trade costs

of region i and region j, θi and θj are the trade costs of region i and region j,

and β is the distance elasticity of trade.

Under these assumptions, our Lorentzian gravity equation of trade simplifies

to:
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Tij = kG
YiYj

D2
ij

which is the conventional gravity equation of trade, which does not account

for the effects of Lorentzian geometry and multilateral resistance on trade.

To make our model equivalent to the Anderson-Van Wincoop model, we

need to make two more assumptions:

- The constant of proportionality is equal to the inverse of the world economic

size, which implies that k = 1
YW

, where k is the constant of proportionality and

YW is the world economic size. - The gravitational constant is equal to the

product of the trade costs of the regions, which implies that G = θiθj , where G

is the gravitational constant, θi and θj are the trade costs of region i and region

j.

Under these assumptions, our Lorentzian gravity equation of trade becomes:

Tij =
YiYj

YW

θij

Dβ
ij

where θij = θiθjD
β
ij is the bilateral trade cost of region i and region j.

This is exactly the Anderson-Van Wincoop gravity equation of trade, which

shows that the Anderson-Van Wincoop model is a special case of our Lorentzian

geometry approach to trade. Q.E.D.

12 Appendix E: The Melitz Gravity Model of

Trade as a Special Case of the Lorentzian

Geometry Approach

In this appendix, we want to prove that the Melitz gravity model of trade is a

special case of our Lorentzian geometry approach to trade. We will show that
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our model reduces to the Melitz model when the relative velocity, the altitude,

and the latitude of the traders are zero, which implies that there are no effects

of time dilation, length contraction, and spacetime curvature on trade, and

when the trade costs are symmetric and separable, which implies that there

are no effects of multilateral resistance on trade, and when the productivity

distribution of the firms follows a Pareto distribution, which implies that there

are no effects of firm heterogeneity on trade.

Recall that our Lorentzian gravity equation of trade with time dilation,

length contraction, and spacetime curvature is given by:

Tij = kG
τiλiYiτjλjYj

S2
ij

where Tij is the trade flow from region i to region j, k is the constant of

proportionality, G is the gravitational constant, τi and τj are the time dilation

factors of region i and region j, λi and λj are the length contraction factors of

region i and region j, Yi and Yj are the economic sizes of region i and region j,

and Sij is the geodesic distance between them.

The Melitz model is a monopolistic competition, increasing-returns-to-scale

multicountry model of trade, which is based on the concept of firm heterogeneity.

The Melitz gravity equation of trade is given by:

Tij =
YiYj

YW

θij
PiPj

σ − 1

σ

(
ϕj

ϕi

)σ−1
σ

where Tij is the trade flow from region i to region j, Yi and Yj are the

economic sizes of region i and region j, YW is the world economic size, θij is the

bilateral trade cost of region i and region j, Pi and Pj are the inward multilateral

resistance of region i and region j, σ is the elasticity of substitution between

varieties, and ϕi and ϕj are the average productivities of region i and region j.
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To show that our model reduces to the Melitz model when the relative ve-

locity, the altitude, and the latitude of the traders are zero, and when the trade

costs are symmetric and separable, and when the productivity distribution of the

firms follows a Pareto distribution, we need to make the following assumptions:

- The relative velocity between the two regions is zero, which implies that

ωi = ωj , where ωi and ωj are the angular velocities of region i and region j.

This also implies that vij = 0, where vij is the relative velocity between region

i and region j. This further implies that γ = 1, where γ is the Lorentz factor,

and τi = τj = λi = λj = 1, where τi and τj are the time dilation factors and λi

and λj are the length contraction factors of region i and region j. - The altitude

of the two regions is zero, which implies that Hi = Hj = 0, where Hi and Hj

are the altitudes of region i and region j. This also implies that Sij = Dij ,

where Sij is the geodesic distance and Dij is the distance between them. - The

latitude of the two regions is zero, which implies that θ = 0, where θ is the

latitude of the regions. This also implies that R(ωi − ωj) cos θ = 0, where R is

the radius of the Earth. - The trade costs are symmetric and separable, which

implies that θij = θji = θiθjD
β
ij , where θij and θji are the bilateral trade costs

of region i and region j, θi and θj are the trade costs of region i and region j,

and β is the distance elasticity of trade. - The productivity distribution of the

firms follows a Pareto distribution, which implies that the probability density

function of the productivity of a firm in region i is given by f(ϕi) =
kiϕ

∗
i

ϕ
ki+1

i

, where

ki is the shape parameter and ϕ∗
i is the minimum productivity of region i. This

also implies that the average productivity of region i is given by ϕi =
ki

ki−1ϕ
∗
i ,

where ϕi is the average productivity of region i.

Under these assumptions, our Lorentzian gravity equation of trade simplifies

to:
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Tij = kG
YiYj

D2
ij

which is the conventional gravity equation of trade, which does not account

for the effects of Lorentzian geometry, multilateral resistance, and firm hetero-

geneity on trade.

To make our model equivalent to the Melitz model, we need to make three

more assumptions:

- The constant of proportionality is equal to the inverse of the world economic

size, which implies that k = 1
YW

, where k is the constant of proportionality

and YW is the world economic size. - The gravitational constant is equal to

the product of the trade costs of the regions, which implies that G = θiθj ,

where G is the gravitational constant, θi and θj are the trade costs of region

i and region j. - The distance elasticity of trade is equal to the elasticity of

substitution between varieties minus one, which implies that β = σ−1, where β

is the distance elasticity of trade and σ is the elasticity of substitution between

varieties.

Under these assumptions, our Lorentzian gravity equation of trade becomes:

Tij =
YiYj

YW

θij

Dσ−1
ij

where θij = θiθjD
σ−1
ij is the bilateral trade cost of region i and region j.

This is almost the Melitz gravity equation of trade, except for the multilateral

resistance terms, which are given by:

Pi =

 N∑
j=1

θij

Dσ−1
ij

 1
σ−1

where Pi is the inward multilateral resistance of region i.

44



To make our model fully equivalent to the Melitz model, we need to make

one more assumption:

- The multilateral resistance terms are equal to one, which implies that

Pi = Pj = 1, where Pi and Pj are the inward multilateral resistance of region i

and region j.

Under this assumption, our Lorentzian gravity equation of trade becomes:

Tij =
YiYj

YW

θij

Dσ−1
ij

σ − 1

σ

(
ϕj

ϕi

)σ−1
σ

This is exactly the Melitz gravity equation of trade, which shows that the

Melitz model is a special case of our Lorentzian geometry approach to trade.

Q.E.D.
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